Motivated by infinite-dimensional optimal control problems with endpoint state constraints, in this Note, we introduce the notion of finite codimensional exact controllability for evolution equations. It is shown that this new controllability is equivalent to the finite codimensionality condition in the literatures to guarantee Pontryagin's maximum principle. As examples, LQ problems with fixed endpoint state constraints for a wave and a heat equation are analyzed, respectively. To cite this article: A. Name1, A. Name2, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
we will introduce a new concept on the finite codimensional exact controllability for linear control systems.
Let Y , Z and U be Hilbert spaces. Denote by L(Z; Y ) the set of all bounded linear operators from Z to Y , by Y * the dual space of Y , by spanD the closed subspace spanned by a subset D of Y , and by coD the convex closed hull of D. We identify U * with U . Let T > 0 and p ∈ (1, ∞]. Write U p = L p (0, T ; U ). Consider the following linear control system: y t (t) = Ay(t) + F (t)y(t) + B(t)u(t), t ∈ (0, T ] and y(0) = y 0 ,
where u is the control variable and y is the state variable, A : D(A) ⊂ Y → Y is a linear operator generating
, and y 0 ∈ Y . For any y 0 ∈ Y and u(·) ∈ U p , (1) admits a unique mild solution y(·) ≡ y(·; y 0 , u(·)) ∈ C([0, T ]; Y ). Define the reachable set of (1) as follows:
is the mild solution of (1) with some u(·) ∈ U p .
Let us first recall the notion of finite codimensionality. Recall that (1) is called exactly controllable at the time T , if R(T ; 0) = Y . Hence, the finite codimensional exact controllability defined above is clearly weaker than the exact controllability. In general, the finite codimensional exact controllability cannot be reduced to the usual exact controllability problem. Indeed, this can be done only for the very special case that A + F (t) in (1) has an invariant subspace Y 0 , which is finite codimensional in Y and independent of t ∈ [0, T ].
The finite codimensional exact controllability is motivated by the study of optimal control problems with endpoint state constraints for infinite-dimensional systems. It is well known that, as a necessary condition for optimal controls, Pontryagin's maximum principle was established for very general finitedimensional systems ( [8] ), which is one of the milestones in control theory. Nevertheless, very surprisingly, it fails for infinite-dimensional systems without further assumptions ( [2] , see also [5] ). This leads to that for a long time, the Pontryagin maximum principle had been studied only for evolution equations without terminal state constraints. Until 1980s, by assuming a suitable finite codimensionality condition, [3, 4, 5] obtained the Pontryagin-type maximum principle for optimal control problems with endpoint constraints. However, it is usually quite difficult to verify this condition directly. In this Note, we reduce the finite codimensionality condition to a suitable finite codimensional exact controllability problem. By the duality technique, such a controllability problem is further reduced to some a priori estimate for its dual problem, which maybe is easily verified, at least for some nontrivial example.
We refer to [7] for a detailed proof of the results in this Note and other related results.
Main result
Let U be a bounded subset of the Banach space U p and co U have at least one interior point. In the sequel, we choose M = y(T ) ∈ Y y(·) is the solution of (1) with y 0 = 0 and some u(·) ∈ U .
Also, we consider the following homogenous linear equation:
where φ T ∈ X * , and A * and F (t) * are respectively the dual operators of A and F (t 
(4) There is a compact operator G from Y * to a Banach space X so that any solution φ of (3) satisfies
Theorem 2.1 can be applied to study optimal control problems with endpoint constraints for nonlinear distributed parameter systems. For concrete problems, as we shall see in the next section, one may use the fourth assertion in Theorem 2.1 to check the finite codimensional exact controllability of (1).
Two examples
This section is devoted to checking the finite codimensionality conditions in some LQ problems (with fixed endpoint constraints) for a wave and heat equations. Let Ω be a bounded domain in lR N (for some N ∈ lN) with a smooth boundary Γ, and ω be a nonempty open subset of Ω. Denote by χ ω the characteristic function of ω. Consider the following controlled wave and heat equations:
where u ∈ L 2 (Q) is the control variable. In (4), (y 0 , y
The solution y of the wave equation in (4) satisfies (y(T ), y t (T )) = (z 0 , z 1 ) ,
The solution y of the heat equation in (4) satisfies y(T ) = z 0 , and
where α, β ∈ L ∞ (Q) are two given functions. Assume that u i is an optimal control, i.e., it satisfies that Similar to the analysis in [6] , if the sets M 1 and M 2 are finite codimensional accordingly in H 1 0 (Ω)×L 2 (Ω) and L 2 (Ω), then one can obtain nontrivial necessary conditions for the optimal controls u i (i = 1, 2).
To verify this finite codimensionality condition, let us consider the following backward wave and heat equations:
and
By the fourth assertion in Theorem 2.1 and the known observability inequality for the wave equation in (5) with a(·) ≡ 0 ([1]) , we obtain the following positive result for the wave equation (with a rather general a(·)) in (4).
. By Theorem 2.1, Proposition 3.1 implies that under the geometric optics condition, the wave equation in (4) is finite codimensional exactly controllable. Notice that under the same condition, the exact controllability of the wave equation with a general coefficient a(·) is still an open problem.
Finally, by the fourth assertion in Theorem 2.1 again and the contradiction argument, we have the following negative result for the heat equation. Proposition 3.2 For any Ω, ω and T > 0, M 2 is not finite codimensional in L 2 (Ω). By Proposition 3.2, the finite codimensionality condition fails for LQ problems for heat equations with fixed endpoint constraints.
